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The relativistic complex-ghost field theory is covariantly formulated in terms of Wightman 
functions. The Fourier transform of the 2-point Wightman function of a complex-ghost pair is 
\^ . explicitly calculated, and its spontaneous breakdown of Lorentz invariance is compared with that 

, of the corresponding Feynman integral. 

(N : 

1 Introduction 

00 ; 

, Abe and the present author have proposed and established the general method for solving 

. quantum field theory, formulated as the canonical operator formalism, in the Heisenberg 

. picture. The set of the full-dimensional (anti)commutators for field operators is obtained 

' as the solution to the q-number Cauchy problem constructed by field equations and equal- 

' time (anti)commutation relations, and then the representation of this operator solution is 

g : constructed by giving the set of Wight.™, functions. In contrast to the „io„atic ,.a„t.n, 

\^ ' field theory, however, the Wightman functions thus obtained do not, in general, satisfy the 

I norm-positivity condition of the state-vector space. That is, the natural framework of the 

+-J , Lagrangian quantum field theory is the indefinite-metric theory. 

Oh. One of the striking properties of the indefinite-metric theory is that the eigenvalues 

i-Ch ' of a hermitian operator are not necessarily real, that is, we generally encounter complex- 

^ ■ energy eigenvalues for the Hamiltonian. This fact contradicts the usual spectral condition 

' postulated in the axiomatic quantum field theory. The "energy-positivity condition" has 

Cd ' also been made use of the above-mentioned method for solving quantum field theory in 

determining Wightman functions. That is, we have required every Wightman function 
W{xi, ... , Xn) to be a boundary value of an analytic function from the lower half-planes of 
the time differences — X2, ... , x'^^^i — x'^; this property is what follows from the positivity 
of energy. Hence, if there are complex-energy states, we must examine whether or not the 
"energy-positivity conditon" is still applicable to our method. 

The complex-energy states should not appear in the physical world, that is, they should 
be unphysical states. Hence they are called the "complex ghosts" .^^ A single complex ghost 
has zero norm, and it cannot appear in the final state if the initial state is a real-energy 
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state because of the energy conservation. However, if a complex ghost exists, there is always 
a complex-conjugate ghost, and the state consisting of a pair of a complex ghost and its 
conjugate has real energy and can have negative norm. Hence, the energy conservation 
cannot forbid the appearance of a complex-ghost pair and it is expected that the unitarity 
of the physical S-matrix is violated. This fact was indeed confirmed in nonrelativistic models. 

In 1969-1970, however, Lee and Wick^^'^^ (and Lee^^ alone) pointed out that the viola- 
tion of the unitarity of the physical S-matrix does not occur in the relativistic complex-ghost 
field theory. This is because as the expression for the relativistic energy is a square root 
of a sum of a mass squared and a spatial momentum squared, the complex conjugation of 
a complex mass does not generically imply the complex conjugation of the corresponding 
energy; therefore, the unitarity cut due to the complex-ghost pair is absent. This wonderful 
result, however, is achieved at the cost of the violation of Lorentz invariance, as was proved 
by the present author^-' and as was explicitly confirmed by Gleeson, Moore, Rechenberg, 
and Sudarshan^) (GMRS) subsequently. Lcc and Wick^^ attributed the violation of Lorentz 
invariance to the fact that spatial momentum is real while energy is complex, and wished 
to admit the use of complex spatial momenta by adopting the S-matrix-theorctical rule 
proposed by Cutkosky, LandshofF, Olive, and Polkinghorn®^ previously. The violation of 
Lorentz invariance, however, is not a direct consequence of the reality of spatial momenta, 
because the complex energy is encountered only on the mass shell and quantum field theory 
is formulated on the basis of the off-the-mass-shell quantities. Indeed, the present author^''^ 
showed that the relativistic complex-ghost field theory can be formulated manifestly covari- 
antly without using complex masses in the action and that it is actually Lorentz invariant 
at the operator level. 

The purpose of the present paper is to reformulate the relativistic complex-ghost field 
theory in terms of Wightman functions. Its manifestly covariant formulation done previously 
was based on the momentum-space consideration: After introducing creation and annihi- 
lation operators for real-mass fields explicitly, the complex-ghost fields were constructed by 
means of the Bogoliubov transformation. In the present paper, we directly solve the Cauchy 
problem for the 4-dimensional commutators and then construct the Wightman functions 
without going to the momentum space. We show that the "energy-positivity condition" 
works well in spite of the presence of complex ghosts. The 2-point Wightman functions of the 
fundamental fields are shown to be Lorentz invariant. The violation of Lorentz invariance, 
however, takes place for the 2-point Wightman functions of composite fields. We explicitly 
calculate the Fourier transform of the 2-point Wightman fmiction of a complex-ghost pair, 
and compare it with the corresponding Feynman integral calculated by GMRS. Although no 
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spectral representation holds in the present case, the expression for the Wightman function 
is found to be something like the spectral function for the Feynman amplitude. 

The present paper is organized as follows. In §2, we apply the Wightman-function 
approach to the complex-ghost theory and find the Wightman functions explicitly. In §3, we 
review the spontaneous breakdown of Lorentz invariance in the Feynman integral involving a 
complex-ghost-pair intermediate state. In §4, we explicitly calculate the Fourier transforms 
of the 2-point Wightman functions of a complex-ghost pair and of two complex ghosts. The 
final section is devoted to discussion. 

2 Formulation of the theory 

We start with the Lagrangian density^^'^^' 

1 2 

£ = - 1)^-1 (a".^,- • d^<Pj - m^/) - 7m<^i</)2, (2.1) 

where <pi and (f)2 are hermitian scalar fields and m and 7 are positive constants. 
Field equations are 

(□ -I- m'^)(f)i + ^m(f)2 = 0, 

(2.2) 

(□ -I- m'^)(f>2 — 7m(^i = 0, 
and non- vanishing equal-time commutation relations are 

[docPjix), My)U=y° = -{-iy-'i6{x - y). (2.3) 

We set 

[<ko{x),(l>k{y)\=i^ok{x-y) (2.4) 

and 

A = matrix(zijfe). (2.5) 
We then have the following Cauchy problem: 

{n'' + + i-fma2)A{x-y) =0 (2.6) 

together with 

A{x 

d^Aix 

where cTj denotes the Pauli matrix. 



y)\a 



0, 



y)\x<'=y» = -0-3^(3; - y), 



(2.7) 
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We diagonalize (2.6) by using a unitary matrix U = {i + (Ti)/\/2. Because Ua2U ^ = as 
and U<JsU~^ = —a2, we obtain 

(□"^ + m^ + i-fma3)A{x -y)=0 (2.8) 

together with 

- y)\x«=yO = 0, 



dQA{x - y)Uo^yO = a26{x - y), 

where A = UAU~^. 

We define the complex-mass Zi-function by the Cauchy problem 



(2.9) 



(□^ + M2)Z\(a;-2/;M2) =0, (2.10) 



A{x-y;M'^)\^o^yO=Q, 

d'^A{x - y: M2)Uo=^o = -S{x - y), 



(2.11) 



where M'^ is a complex number such that 3?M^ > 0. The explicit expression for the complex- 
mass Z\-function is given by^^ 



A{^;M' 



(27r)3 



^^sin(p^-^p^O) 



Ep 

^ ' 2 ^ 



(2.12) 



where Ep = ^ + and Ji denotes a Bessel function. The complex-mass zi-function is, 
of course, Lorontz invariant, though it behaves exponentially as — > oo. 
The solution to the Cauchy problem (2.8) with (2.9) is given by 



A{x -y) = i<j+A{x - y; M^) - ia-A{x - y; M*^), 
where a± = (cri ± if72)/2 and = rm? + i'ym. Hence we have 

A{x -y) = U-'^A{x - y)U = a3^A{x - y; M^) - aiQA{x - y; M^). 



(2.13) 



(2.14) 



We proceed to considering the representation of the above operator solution. We intro- 
duce the vacuum |0) and set (0|0) = 1. The 1-point Wightman functions {0\<pj{x)\0) are set 
equal to zero so as to be consistent with translational invariance and field equations. Then 
the 2-point truncated Wightman functions are the same as the untruncated ones. 
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The 2-point Wightman functions (O|(^j(a;)0fe(y)|O) must be constructed so as to be consis- 
tent with the commutator functions given by (2.14) and with the energy-positivity condition. 
We define the "positive-energy" complex-mass Zi-function by 

Note that the momentum integral is convergent because ^Ep tends to zero as \p\ — > oo. 
Evidently, Z\(+)(^;M^) is Lorentz invariant and has the properties 

A^+\^; M^) + A^+\-^- M2) = iA{^- M^), (2.16) 

A^+\~C,M^) = [Z\(+)(e;M*2)]*. (2.17) 

Furthermore, because ^Ep > 0, A'-^^ M^) is a boundary vahic of an analytic function 
from the lower half-plane of in conformity with the requirement of the energy-positivity 
condition. 

Prom (2.14), we find that the 2-point (truncated) Wightman functions are given by 

m{x)ct>j{ym = {-iy-'^[A(+\x - y;M') + A(+\x - y; M*% (2.18) 

{o\M^)Mym = {o\M^)Mym = - y;M^) - a^+Hx - y;M*^)\. (2.19) 

Of course, all higher-point truncated Wightman functions vanish. Thus, all Wightman 
functions of the fundamental fields are Lorentz invariant. 

3 Violation of Lorentz invariance 

As we have shown in §2, the theory is strictly Lorentz invariant as far as the Wightman 
functions of the fundamental fields are concerned. Quite interestingly, however, Lorentz 
invariance is no longer valid for composite fields. In this section, we briefiy review the 
results obtained previously for the 1-loop Feynman integral involving a complex-ghost-pair 
intermediate state. 

In the Fourier representation of the Feynman propagator Af{£,]M'^) (but not Z\f (^; M*^ ) ) , 
we need to introduce a complex contour C, which runs above the pole located at po = 
\/ M"^ + p2 in spite of the fact that it lies on the upper half-plane. Therefore, in order to 
have the momentum-space Feynman integral, we encounter the position-space integrals of 
the following type: 

f{ko)^^J dx'e^^^^^>-^>\ (3.1) 
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where A is a complex number. Naively, this integral is divergent and mathematically mean- 
ingless. By adopting a Gaussian adiabatic hypothesis in defining the Dyson S-matrix, how- 
ever, we can show that (3.1) should be defined in the sense of the "complex ^- function", 
f{ko) = 5c{ko — A). ^@ This notion is defined by extending the definition of the Schwartz 
distribution in the following way: Let (p{ko) be a test function, which is an arbitrary function 
holomorphic in an appropriate strip domain around the real axis; then 

dko'p{ko)6,{ko - A) = ^ Idkop^, (3.2) 
2TTt J fco - A 



where the contoiir goes around fco = A anticlockwise. Of course, if A is real, the complex 
(5-functon reduces to the ordinary (5-function. 

Now, the Feynman integral involving a complex-ghost-pair intermediate state is given 

by 

Fmm. W ^ / dQ I rf'?0(^2_M2)[(/-,)2-M*r (3.3) 

where we understand that its ultraviolet divergence is appropriately subtracted. The inte- 
grand of (3.3) has four poles in the plane. The contour C runs from — oo to +oo, passing 
through below the two poles —Eq and po — E*_q and above the other two poles Eq and 
Po + E*_q. Carrying out the contour integration of (3.3), we obtain 

FmM^ iP) = ^l + ^) ,..^Eq\E;_qr (3-^) 

When q runs over the whole three-dimensional space, the locus of 

Po = Eq + E;_q, (3.5) 

which corresponds to the unitarity cut in the real-mass case, sweeps a 2- dimensional fish- 
shaped domain D on the po plane. Its boundary curve F intersects the real axis at only one 
point Po = 2^Ep^2- Evidently, the quantitiy Smin is not Lorentz invariant, where 

s^in = mEp/2f - (smin < (M + M*f for p ^ 0). (3.6) 

GMRS explicitly carried out the momentum integration of (3.4). Their result is ^ 
I ^ f ds' 



V(M2 - M*2) ^(s' -{M + M*Y){s' - (M - M*)2) 



(3.7) 



where s = Pq — and the contour is the lower half part of the image of F by the 
mapping s' — Pq — p^; it runs from Smin to oo. 

^This notion was introduced first by the present author^^) in 1958. 

^In (3.7), an overall factor 1/2 has been corrected. This error was committed in (A3) of their paper.'') 
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4 Wightman function of a complex-ghost pair 

In this section, we explicitly calculate the Fourier transform of the 2-point Wightman func- 
tion of a complex-ghost pair. Its formal expression is given by 

Wmm^{p) = J d^^A^+\^-M^)A^+\^;M*^)e'P^. (4.1) 

Of course, naively (4.1) is mcaningles because zl*^+^(^; M^) is exponentially increasing in its 
absolute value. Substituting (2.15) into (4.1) and carrying out one of spatial momentum 
integrations, we obtain 

If 1 

Wmm^ {p) = -^j dqj^-^ de exp[i(po - E^- E;_X]- (4-2) 

Now, the energy factor inside the exponential of (4.2) is complex for p ^ 0, so that the 
integration over is meaningless naively as stated above. We define the integral over by 
means of the complex ^-function as in §3. That is, according to (3.2), we consider 

j dpo >p{po)Wmm' (p) = j> dpo (f{po)I{p), (4.3) 

where 

- Jikf I ''E,E;_^ipo-E,-E;_^y ^'-'^ 

Without loss of generality, we can take the coordinate system defined by p = (0, 0,p3 > 0). 
Employing the cylindrical coordinates for q and setting = ql + q2, we obtain 

^^^^ = 32^y_^'^^Vo E{p\qs)E*{p\-qs)\po - E{p\qs) - E*{p\-q^)y ^^"^^ 
where 

E{p\ qs) = ^M^+p-^+i^^ + qsy. (4.6) 
By transforming the integration variable into a complex variable 

qo = E{p^,qs)+E*{p^,-q3), (4.7) 

the integral is remarkably simplified into 

m =Thr r V (4.8) 

167r^ y„(g3) qoipo - qo) 

where 

aiqs) = E{0, qs) + E*{0, -qs). (4.9) 
The integration over qo is easily carried out; we obtain 

^(^)=T^r^'^3iog^^^^. (4.10) 
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Transforming the integration variable g'3 into a = a{qs) for (73 ^ and a = Q;(— 53) = [^(^s)]* 
for qs ^ 0, we have 



m = 



167r2po \Jr( 



_r(+) 



da 

da 

da (73(a) 



■[log(a -po) - log a] 



a — po a 



(4.11) 



c. 



Here, g3(a) is the inverse function of a = 0(^3); explicitly, 



P3(M2 - M*2) + qV(q2 - - (M + M*)2)(a2 _ ^2 _ (j^^ _ 

2{a^-p^) 

where the sign of the square root has been chosen in such a way that = a/2 when M = 
and 53 > P3/2 as seen from (4.9); c = i/16n^; the contour _r(+) is the image of the positive 
real axis by the mapping a = a{q3) for q^ ^ 0, that is, it is the upper boundary curve of D 
introduced in S3. Both r(+) and r(+)* can be deformed into a real interval; that is, 



■f 



Now, we substitute (4.13) into (4.3): 



daq3{a) 



a — po a 



-- +c. 



(4.13) 



r 

J — c 



dpo'P{Po)WMM'{p) = f dpoifipo) 



—I 
8^ 



93(a) 



da- 

2KBP/2 a(Q;-po) 



-f 



da ^p{a) 



Rewriting the right-hand side of (4.14) into 



1 g3(a) 
47r a 



(4.14) 



f 

J — ( 



4tt Po 



we find that 



4tt Po 

Prom (4.16) with (4.12), therefore, our final result is 



(4.15) 
(4.16) 



Wmm' (p) = -5- 



p2(M2-M*2) ^{s - (M + M*)2)(s - (M - M*)2) 



+ 



(4.17) 

for the general value of p. 

Thus, Wmm' {p) is not only Lorentz non-invariant but also complex-valued. In contrast 
to the real-mass case, in which the 2-point Wightman function is the discontinuity function of 
the Feynman amplitude according to the Cutkosky rule, Wmm* (p) has no direct connection 
with Fmm'{p)- Nevertheless, comparing (4.17) with (3.7), we find that the relationship 
between both expressions are quite analogous to that in the real-mass case. 
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For completeness, we calculate the Wightman function of two complex ghosts, 




J — oo 



/ deeMi{Po-Eq-Ej,_q)e] 



(4.18) 



The calculation is carried out almost in the same way except for the fact that the locus 
of po = -Eg + Ep^q (Iocs not intersect the real axis. Therefore, the final result cannot be 
expressed in terms of the ordinary function or distribution. Introducing the notion of the 
"complex ^-function" by 



Of course, as — > 0, both (4.17) and (4.20) tend to the well-known expression for 
the Wightman function (which equals the discontinuity function of the Feynman amplitude 
along the real axis) in the equal-real-mass case. 

5 Discussion 

In the present paper, wc have successfully applied the method for solving quantum field 
theory in the Hciscnbcrg picture to the covariant formulation of the complex-ghost theory. 
In spite of the fact that there is complex energy spectrum , we see that the energy-positivity 
condition can be used without trouble. 

We have discussed the spontaneous breakdown of Lorentz invariance encountered in the 
relativistic complex-ghost theory from the viewpoint of the Wightman function. We have 
explicitly calculated the Fourier transform of the 2-point Wightman function of a complex- 
ghost pair and that of two complex ghosts. The former indeed exhibits the violation of 
Lorentz invariance. In spite of the fact that the spectral representation does not hold for the 
Feynman amplitude, the relation between the Feynman amplitude and the corresponding 
Wightman function is quite analogous to that in the real-mass case. 

We have seen that the introduction of the complex ^-function is quite essential in those 
considerations. From (2.18), we have 




(4.19) 



we can write the final result in the following way: 




(4.20) 



(0| [</.,■ (x)]2 (2/)]2|0) = -[A^+\x - y;M') + A^+\x - y;M*')f. 



(5.1) 
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According to (4.17) and (4.20), therefore, its Fourier transform is neither Lorentz invari- 
ant nor expressible in terms of the ordinary distributions. This result is rather surprising 
in view of the fact that the Lagrangian density (2.1) is a very simple one and explicitly 
contains no complex numbers. That means that it is very difficult to avoid the appearance 
of such possibilities a priori in the generic framework of the Lagrangian quantum field theory. 
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